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Abstract
New inflationary solutions to the Einstein equation are explicitly con-
structed in a simple five-dimensional model with an orbifold extra dimen-
sion S1/Z2. We consider inflation caused by cosmological constants for the
five-dimensional bulk and the four-dimensional boundaries. In our solutions
the extra dimension is static, and the background metric has a non-trivial
configuration in the extra dimension. In addition to the solution for a vanish-
ing bulk cosmological constant, which has already been discussed, we obtain
solutions for a non-zero one.
Recently, some people proposed a scenario to solve the hierarchy problem by invoking
large extra dimensions[1]. In this scenario a fundamental Planck mass is near TeV, and
the weakness of the ordinary gravity is explained by a large ratio between the size of
the sub-millimeter extra dimensions and the fundamental scale. The extra dimensions
are compactified on a manifold like S2, and the gravity can propagate in the higher-
dimensional bulk, while the standard model fields are localized in the four-dimensional
wall with TeV scale thickness in the extra dimensions. The extra dimensions are not
homogeneous, since they would have special properties at the wall. Thus it seems
important to discuss taking account of a non-trivial structure of the extra dimensions.
More recently, the authors of Ref.[2] proposed a different scenario where the size of
an extra dimension is not so large as in Ref.[1] but the hierarchy is still explained by
an exponential suppression factor. In this scenario the extra dimension is an orbifold
S1/Z2. As in Ref.[1], the gravity can propagate in the bulk whereas the standard model
fields are confined in one boundary. The background metric has exponential dependence
in the orbifold direction due to non-trivial boundary conditions, and this behavior is
essential for solving the hierarchy problem in Ref.[2]. This set-up is similar to that of
the heterotic M-theory[3], where the low energy effective theory of the strongly coupled
heterotic string theory is described by an eleven-dimensional supergravity compactified
on S1/Z2, and super Yang-Mills gauge multiplets live on the two boundaries. A non-
trivial metric distortion in the orbifold dimension is one of the important ingredients in
the M-theory too.
The extra dimensions mentioned above might play an important role in cosmol-
ogy. Inflationary solutions of the Einstein equation and early cosmology in models
with extra dimensions have been discussed by many authors. In some analyses, the
metric is assumed to be uniform in the extra dimension[4][5]. If the metric has non-
trivial dependence in the extra dimension at the early universe, the analyses on in-
flation may be altered. There also analyses where non-trivial background metrics are
considered[6][7][8][9][10][11]. However inflationary exact solutions in the presence of
both a bulk cosmological constant and boundary ones have not been discussed in these
papers.
In this paper, we try to find new inflationary solutions with non-trivial configura-
tions in the extra dimension. We restrict ourselves to a five-dimensional gravity with an
orbifold extra dimension S1/Z2. Starting from a five-dimensional Einstein action with
two boundary terms, we analyze classical solutions to the Einstein equation. The five-
dimensional bulk action is described by a five-dimensional gravity and a cosmological
1
constant. For the boundary actions, we treat them as localized cosmological constants.
With simple assumptions for the metric, we find new inflationary solutions which have
non-trivial dependences in the extra dimension. In addition to the solution for a vanish-
ing bulk cosmological constant, which has already been discussed in Ref.[6], we obtain
solutions for a non-zero one.
We consider the five-dimensional universe compactified on an orbifold S1/Z2. We
use coordinates xM = (xµ, y), where M = 0, 1, 2, 3, 5 is an index for the five-dimensional
space, and µ = 0, 1, 2, 3 is that for the uncompactified four-dimensional space. The
coordinate y is assigned to the extra orbifold dimension with an identification y+2L ∼
y. To describe S1/Z2, we work on orbifold picture. Namely, we analyze physics in the
region −L ≤ y ≤ L, requiring that every field is even under Z2 action y → −y. Fixed
points of the Z2 action are located at y = 0, L. These two points correspond to two
boundaries of the segment S1/Z2.
The action is given by
S = − 1
2κ25
∫ L
−L
dy
∫
d4x
√
g(R + 2Λ) +
∫
d4x
√−g1L1 +
∫
d4x
√−g2L2. (1)
Here the first term represents the five-dimensional bulk action which includes the five-
dimensional gravitational fields and the cosmological constant Λ. The second and the
third terms are the four-dimensional boundary actions localized at y = 0 and y =
L, respectively. The fields in the standard model are supposed to be confined at one
boundary, and some hidden matter fields are confined at the other boundary. For
simplicity, we assume that the boundary potentials have slow-roll properties, and we
can treat these boundary terms as localized cosmological constants during inflation.
The g1 and g2 are metrics on the boundaries, and are written by the five-dimensional
metric gMN as g
µν
1 = g
µν(y = 0) and gµν2 = g
µν(y = L). The sign convention for the
metric is (+,−,−,−,−). Note that the physical length of the orbifold dimension is
Lphys =
∫
dy
√−g55. The five-dimensional gravitational coupling constant κ5 is related
to the four-dimensional Newton constant GN as κ
2
5 = 16πGNLphys.
Minimizing the action (1), we obtain the Einstein equation as[2]
√
g
(
RMN − 1
2
gMNR
)
= −κ25
[√−g1gµν1 δMµ δNν L1δ(y) +√−g2gµν2 δMµ δNν L2δ(y − L)] +√ggMNΛ. (2)
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In deriving Eq.(2), we neglect dynamics of the fields on the boundaries. Namely, L1 and
L2 in this equation are treated as constants. We put the following ansatz for the metric:
ds2 = gMNdx
MdxN = u(y)2dt2 − a(y, t)2d~x2 − b(y, t)2dy2, (3)
where u, a and b are scale factors for t (= x0), x1,2,3 and y, respectively. With this
metric, Eq.(2) reduces to the following relations:
1
u2
[(
a˙
a
)2
+
a˙
a
b˙
b
]
− 1
b2

a′′
a
+
(
a′
a
)2
− a
′
a
b′
b

 = −κ25
3b
[δ(y)L1 + δ(y − L)L2] + Λ
3
,(4)
1
u2
[
2
a¨
a
+
b¨
b
+
(
a˙
a
)2
+ 2
a˙
a
b˙
b
]
− 1
b2

2a′′
a
+
u′′
u
+
(
a′
a
)2
+ 2
u′
u
a′
a
− 2a
′
a
b′
b
− u
′
u
b′
b


= −κ
2
5
b
[δ(y)L1 + δ(y − L)L2] + Λ, (5)
1
u2
[
a¨
a
+
(
a˙
a
)2]
− 1
b2

(a′
a
)2
+
u′
u
a′
a

 = Λ
3
, (6)
− a˙
′
a
+
u′
u
a˙
a
+
a′
a
b˙
b
= 0, (7)
where primes and dots denote derivatives with respect to y and t, respectively. We look
for classical solutions to these equations from now on.
We focus on Eq.(7) first. Useful observation follows if we assume that u(y) and
a(y, t) have common y-dependence and a(y, t) is separable:
u(y) = f(y), a(y, t) = f(y)v(t). (8)
With this assumption, the first and the second terms in the left-hand side of Eq.(7)
cancel out, and we obtain b˙ = 0 or a′ = 0. However, for the latter case, Eqs.(4) and (5)
cannot be satisfied due to the non-zero boundary terms. Therefore it follows that the
extra dimension is automatically static:
b˙(y, t) = 0. (9)
Note that if both L1 and L2 vanish, there is also a possibility of b˙ 6= 0. Though b(y, t)
is time independent, it may have non-trivial y-dependence. For simplicity, we assume
that b(y, t) also has the same y-dependence as u(y) and a(y, t):
b(y, t) = f(y). (10)
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We can solve v(t) and f(y) easily. For v(t), we obtain v¨/v = (v˙/v)2 from Eqs.(4),
(5), (8) and (10). Thus the three spatial dimensions expand exponentially:
v(t) = eHt, (11)
where H is a constant, and we choose the direction of time so that H ≥ 0. In this way,
assuming Eqs.(8) and (10), we can realize the exponential expansion of the universe
together with the static extra dimension. The expansion parameter H is determined
later. Collecting everything, we have assumed the metric
ds2 = f(y)2(dt2 − e2Htd~x2 − dy2). (12)
The geometry of hypersurfaces y = constant is that of the de Sitter space[6][12]. For
f(y), Eqs.(4)-(6) provide the following equations:
(
f ′
f
)2
= H2 − Λ
6
f 2, (13)
f ′′
f
=
κ25
3
f [δ(y)L1 + δ(y − L)L2] +H2 − Λ
3
f 2. (14)
We require that the scale factor f is continuous across the boundaries, while we allow its
derivatives to be discontinuous. The curvature of the five-dimensional space is constant
R = −10Λ/3 except at the boundaries. The equations (13) and (14) have different types
of solutions for Λ = 0, Λ > 0 and Λ < 0.
First we describe the case Λ = 0. The solution to Eq.(13) consistent with the orbifold
symmetry f(−y) = f(y) is given by
f(y) = e−H|y|+c0, (15)
where c0 is a constant. This solution corresponds to the solution in Refs.[6] and [12],
and also can be written in a form similar to the solution in Ref.[10] by a coordinate
transformation Y = [−e−H|y|+c0 + 1]/H . In addition to Eq.(15), a solution eH|y|+c0 is
also possible. The general solution for Λ = 0 without the ansatz (12) is given in Ref.[6].
Note that we use the solution (15) only for −L < y ≤ L, and keep in mind that f(y)
is a periodic function. Explicitly, we use formulas |y|′ = ǫ(y) − ǫ(y − L) −1 and |y|′′
= 2δ(y) − 2δ(y − L), where ǫ(y) is 1 for y ≥ 0 and −1 for y < 0. Calculating f ′′ from
Eq.(15), the delta-functions δ(y) and δ(y − L) arise. For general values of L1 and L2,
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Eq.(15) is not compatible with Eq.(14). However, if we assume the following conditions,
Eq.(15) is consistent with Eq.(14):
κ25
3
L1 = −2He−c0, κ
2
5
3
L2 = 2HeHL−c0. (16)
We must require L1 < 0 and L2 > 0 to satisfy these conditions for H > 0. We must also
require L1 + L2 > 0, since the physical length of the extra dimension Lphys =
∫
dy
√−g55
= −(6/L1 + 6/L2)/κ25 must be positive. For L1 > 0 and L2 < 0, we can satisfy similar
conditions with another solution eH|y|+c0. In the case of L1L2 > 0, we have no solution
for Λ = 0 under the present ansatz for the metric (12). We can determine H and c0 from
Eq.(16) as H = log(−L1/L2) /L and c0 = log(−6H/κ25L1). For L1 = L2 = 0, which
corresponds to H = 0, the solution (15) reduces to f = constant. Then the metric is
static and uniform in the extra dimension. Note that for vanishing L1 and L2 we also
have a possibility a′ = 0 instead of Eq.(9).
The expansion rate depends on the position in the extra dimension[6]. After we
canonically normalize the four-dimensional coordinate so that ds2 = dt2 − v2d~x2 for
a fixed y, we observe that in general the effective expansion rate Heff(y) ≡ H/f(y)
depends on the position in the extra dimension: Heff(y) = (−κ25L1/6) (−L1/L2)|y|/L. In
particular the expansion rates for the boundaries are given by Heff(0) = −κ25L1/6 and
Heff(L) = κ
2
5L2/6.
The relation between the expansion rate and the cosmological constant mentioned
above is quite unconventional as pointed out in Ref.[6]. In a usual four-dimensional
scenario, we have a relation H ∼ √V /MPl, where V denotes an inflaton potential and
MPl is the four-dimensional Planck mass. On the other hand, in the present case we have
H ∼ −κ25L1 ∼ LphysV/M2Pl, where we put L1 ∼ −V . The expansion rate is suppressed
by M2Pl rather than MPl, hence it may be difficult to obtain a sufficient e-folding unless
we take Lphys ∼ 1/MPl.
We can also find a solution for Λ > 0. In this case, the solution to Eq.(13) consistent
with the orbifold symmetry is
f(y) =
√
6H2
Λ
1
cosh(H|y|+ c+) , (17)
where c+ is a constant. Conditions for Eq.(17) to be consistent with Eq.(14) are
κ25
3
L1 = −2
√
Λ
6
sinh(c+),
κ25
3
L2 = 2
√
Λ
6
sinh(HL+ c+). (18)
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From these relations, we can determine H and c+ in terms of L1, L2 and Λ. The physical
length of the extra dimension is given by Lphys =
√
6/Λ (arctan θ1 + arctan θ2), where
θi =
√
6/Λ κ25Li/6. Hence we must require L1 + L2 > 0 to ensure Lphys > 0. The
shape of the solution (17) depends on the signatures of the boundary terms L1 and L2.
For L1 < 0 and L2 > 0, we have a solution with c+ > 0. In this case the shape of the
solution in the region 0 < y < L is similar to that of the case Λ = 0. The scale factor
f has a maximum at y = 0 and a minimum at y = L. For L1 > 0 and L2 > 0, we have
a solution with −HL < c+ < 0. In this case the scale factor has a maximum at y =
−c+/H and a minimum at y = 0 or y = L. For L1 > 0 and L2 < 0, the scale factor has
a maximum at y = L and a minimum at y = 0. We have no solution for L1 < 0 and L2
< 0.
The effective expansion rate Heff(y) depends on L1, L2 and Λ. If the bulk contribu-
tion
√
Λ is much larger than the magnitude of the boundary terms κ25L1 and κ25L2, the
effective expansion rate is dominated by Λ in the whole region of the orbifold: Heff(y)
∼
√
Λ/6. If Λ is much smaller than the boundary contributions, Heff(y) reduces to the
result in the case Λ = 0: Heff(0) = |κ25L1/6| and Heff(L) = |κ25L2/6|. Notice that the
extra dimension is static even in the presence of the bulk cosmological constant Λ. This
constant works to generate the metric distortion in the extra dimension and also to
inflate the four-dimensional subspaces.
Finally we describe the case Λ < 0. The solution to Eq.(13) is obtained as follows:
f(y) =
√
6H2
−Λ
1
sinh(H|y|+ c−) . (19)
This scale factor is finite everywhere in the extra dimension if c− > 0. We can also find
a similar solution ∼ 1/ sinh(−H|y|+ c−) with c− > HL. Conditions for Eq.(19) to be
consistent with Eq.(14) are written as
κ25
3
L1 = −2
√
−Λ
6
cosh(c−),
κ25
3
L2 = 2
√
−Λ
6
cosh(HL+ c−). (20)
To satisfy these conditions, we must require L1 < 0 and L2 > 0. The scale factor (19)
has a maximum at y = 0 and a minimum at y = L. For L1 > 0 and L2 < 0, we can
satisfy similar conditions with another solution ∼ 1/ sinh(−H|y| + c−). We have no
solution for L1L2 > 0. The physical length of the extra dimension Lphys is determined
by L1, L2 and Λ in a similar way to the cases Λ = 0 and Λ > 0.
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There are a few comments in order. We can also find inflationary solutions to Eqs.(4)-
(7) by assuming b = constant instead of Eq.(10). However, with this assumption, it
follows that we must tune the parameters Λ, L1 and L2 to obtain solutions. This tuning
is similar to that in Refs.[2] and [11]. On the other hand, with the assumption (10)
which we adopted, we do not need to tune the parameters to find solutions, and we can
rather determine the expansion parameter H according to these parameters. Hence we
expect that the assumption (10) is more likely than b = constant unless we introduce
some principle to justify such a tuning of parameters.
The general solution for Λ = 0 is given in Ref.[6], where u, a and b in Eq.(3) are
allowed to be general functions of t and y. In that analysis it is discussed that the solution
with the static extra dimension corresponds to a specific choice of initial conditions, and
all other choices of the initial conditions lead to a collapse of the extra dimension or
the three spatial dimensions. This implies that the solution (15) for Λ = 0 is unstable
under a small perturbation. It is worth studying whether the situation is the same or
not for Λ 6= 0.
In addition to the problem stated above, there remain a lot of works to be done in
order to construct a realistic scenario in this framework. To describe the scenario, we
must include dynamics of inflaton fields. For example, we replace the bulk cosmologi-
cal constant Λ by a Lagrangian for bulk inflaton fields, or take into account the time
dependence of Lagrangians for the boundary inflaton fields included in L1 and L2. We
expect that the inflating universe is in a false vacuum, and the universe go to the true
vacuum in the end. In such a set-up, we should discuss various subjects: slow-roll condi-
tion, e-folding number, density fluctuation, end of inflation and reheating temperature,
big-bang nucleosynthesis, and so on.
In summary, we have constructed new inflationary solutions to the Einstein equation
in a simple five-dimensional theory with an orbifold extra dimension S1/Z2. We have
considered inflation caused by cosmological constants for the five-dimensional bulk and
the four-dimensional boundaries. The solutions have non-trivial behaviors in the extra
dimension. In addition to the solution for a vanishing bulk cosmological constant, we
have obtained solutions for a non-zero one.
We would like to thank Y. Okada for a useful discussion. This work was supported in
part by the Grant-in-Aid for Scientific Research from the Ministry of Education, Science
and Culture, Japan.
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